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2 1D Benney $\mathrm{m}\mathrm{S}\mathrm{H}$
2 , .
$\mathrm{m}\mathrm{S}\mathrm{H})$
$\frac{\partial u}{\partial t}$ $=$ $\{$ $\nu$ – $(1$ $+$ $\frac{\partial^{2}}{\partial x^{2}})$
$2$





(Bn) $\frac{\partial u}{\partial t}=\epsilon\{\nu-(1+\frac{\partial^{2}}{\partial x^{2}})^{2}\}u-u\frac{\partial u}{\partial x}-\frac{\partial^{3}u}{\partial x^{3}}$
$(\mathrm{m}\mathrm{S}\mathrm{H})$ Swift-Hohenberg




, 1 $x\in \mathrm{R}$ . $u(t, x)\in \mathrm{R}$ , $\nu,$ $\epsilon,p,q\in \mathrm{R}$
. $\epsilon,$ $q>0$ $p=0$ (SH) , $p$ $u\mapsto-u$
. ,
$p=0$ , $p\neq 0$ .
$(\mathrm{m}\mathrm{S}\mathrm{H})$ $q=0$ $p\neq 0$ $\mathrm{K}\mathrm{u}\mathrm{r}\mathrm{a}\mathrm{m}\mathrm{o}\mathrm{t}\infty \mathrm{S}\mathrm{i}\mathrm{v}\mathrm{a}\mathrm{s}\mathrm{h}\mathrm{i}\mathrm{n}\mathrm{s}\mathrm{k}\mathrm{y}$ .
$\nu=1$ $q=0$ Kuramot\sim Si shinsky , $\nu$
KuramotO-Sivashinsky .





$\lambda=\lambda(\nu,k)=\nu-$ (l-k$2$ ) $2$ . $(2.1)$
$C=\{(\nu, k)|\nu=(1-k^{2})^{2}\}$ . $\nu<0$
. ( $\nu<0$ $u=0$
.) , $\nu>0$ $k=1$
.
. ,
$x\in[0, L]$ , $L$
51 . $u(t, x+L)\equiv u(t,x)$ .
, : $k\in(2\pi/L)\mathrm{Z}$ $k=(2\pi/L)m,m$ \in Z.
. $(2\pi/L)m$ $m$
. $m$ $L$ $|m|$
$\mathrm{I}$
$=2\pi/L$ , $m$ ${\rm Re}\lambda=0$ $(\nu, k0)$
$C_{m}=\{(\nu,k_{0})|\nu=\nu_{m}(\ovalbox{\tt\small REJECT})=(1-m^{2}k_{0}^{2})^{2}\}$




. $n\neq n’$ 2 $C_{\mathrm{n}}$ $C_{n’}$
$k_{0}\neq 0$
$\nu=\nu^{n}$ ’$n’:=( \frac{n^{2}-n^{a}}{n^{2}+n^{2}},)^{2}$ (2.2)
$k_{0}^{2}=(k_{0}^{n,n}’)^{2}:= \frac{2}{n^{2}+n^{\Omega}}$ (2.3)
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, 3 C l’ $C_{m_{2}}$ , C 3 $(\nu, k_{0})$ $=(1,0)$ .
$L$ ( $k_{0}$ ) IJI. .
$\nu_{*}(k_{0})=\min_{m\in \mathrm{Z}}\nu_{m}$(k0) .
I. ( ) $n\geq 1$ , . $\nu_{*}(k_{0})=\nu_{n}$ (k0) $|m|\neq n$
$\nu_{*}(k_{0})<\nu_{m}$ (k0). ( $\nu_{*}(k_{0})=\nu^{n}($k0) .)
1I. ( ) $n\geq 1$ , . $\nu_{*}(k_{0})=\nu_{n}(k_{0})=\nu_{n+1}(k_{0})$
$|m|\neq n,$ $n$ +l $\nu_{*}(k_{0})<\nu_{m}$(h). ( $(\nu_{*}(k\mathrm{o}), k\mathrm{o})=$ ( $\nu^{n,n+1},$ $k$r“1)
$\text{ }.$ )
1: $m$ . $\nu$ $C_{n},$ $C_{n+1}$
$\mathrm{I}\mathrm{I}$ . .
, I. , $\nu=\nu^{n}$ (k0) $n$
. $\mathrm{I}\mathrm{I}$ . $(\nu^{n,n+1}, k_{0}^{n,n}" 1)$ $m,m+1$
.




$u(t, x)$ , $m,$ $-m$ : $\alpha_{-m}=\overline{\alpha_{m}}$
. $u$ $(\mathrm{m}\mathrm{S}\mathrm{H})$ ,
$\alpha_{\dot{m}}=\lambda_{m}\alpha_{m}+pk0$
$\sum_{m_{1}+m_{2}=m}2m_{1}m_{2}\alpha_{m}$1 $\alpha_{m_{2}}-$ q $\sum_{m_{1}+m_{2}+m_{3}=m}\alpha_{m}$1 $\alpha$m2 $\alpha_{m\epsilon}$ , $m\in \mathrm{Z}$ , (2.5)
. , $\lambda_{m}=\lambda$($\nu$, m ). $\alpha_{-m}=\overline{\alpha_{m}}$ (2.5) $m\geq 0$
.
([2],[4])
. I. $S=\{n, -n\}$
, $\nu\approx\nu^{n}$ (k0) ${\rm Re}\lambda_{m}\approx 0(m\in S)$ ${\rm Re}\lambda_{m’}<$
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$-\kappa<0(m’\not\in S)$ , $\alpha_{n},$ $\alpha_{-n}$ .
$C^{1}$ . . $(\nu, k_{0})\approx(\nu^{n,n+1}, k_{0}^{n,n+1})$
4 $\{\alpha_{m}\}_{m\in S_{\mathrm{I}\mathrm{I}}},$ $S_{\mathrm{I}1}=\{n, n+1, -n, -(n+1)\}$ .
$\mathrm{C}^{11}$ $\{\alpha_{m}(t)\}=0$ 2 ( 4
2 ) , {\mbox{\boldmath $\alpha$} }m6s ,
.
.
, $\gamma\in G$ , (
$\psi$ ) $\gamma\in G$ . (2.5)
, ,
.
$\gamma_{\theta}(\{\alpha_{m}\}m\in 2)=\{e^{\dot{l}m\theta}\alpha_{m}\}_{m\in \mathrm{Z}}$ , $\theta\in[0,2\pi)$ (2.6)
u( $x$ ) $u(t,x+\theta/k_{0})$ .
(2.5) $\gamma_{\theta}$ .





I. , Pitchfork .
2.1 $q>0$ $n\geq 1$ . \mbox{\boldmath $\nu$}>\mbox{\boldmath $\nu$}n( ) $\kappa=\nu$ -\mbox{\boldmath $\nu$}n( ) $(\mathrm{m}\mathrm{S}\mathrm{H})$
$u(x)$ $u(x+ \frac{L}{n})=u$(x) . $u$
$\theta\in[0,2$\pi )
u(x)=O(V6 e:05+\mbox{\boldmath $\theta$})+c.c. $+O(\kappa)$
, .
$\mathrm{I}\mathrm{I}$ . $n,$ $n+1$
.
2.2 $n\geq 2$ . $a,$ $b,c,$ $d\in \mathrm{C}$ $\delta,$ $\kappa>0$ , $|$ ( $\nu$, ) $-(\nu^{n,\mathrm{n}+1}, k_{0}^{n,n+1})|<$






$(A, B)=(\beta_{n}, \beta_{\mathrm{n}+1})$ $\beta_{\mathrm{n}}=\alpha_{n}+O$ (\mbox{\boldmath $\alpha$}2) .
$a,$ $b,$ $c,d$ .
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2.3
$a$ $=$ $a_{n}$ $:= \frac{4p^{2}k_{0}^{4}n^{4}}{\lambda_{2n}}-3q$ ,
$b$ $=$ $b_{n}$ $:=4p^{2}k_{0}^{4}n(n+1)^{2}( \frac{-1}{\lambda_{-1}}+\frac{2n+1}{\lambda_{2n+1}})-6q$ ,
$c$ $=$ $:=4p^{2}k_{0}^{4}n^{2}(n+1)( \frac{1}{\lambda_{1}}$ $11)-6\mathrm{q}$,
$d=$ $d_{n}$ $:= \frac{4p^{2}k_{0}^{4}(n+1)^{4}}{\lambda_{2(n+1)}}-3q$.
, SO(2) 3 .
[9] , .
$\beta_{m}(t)=\alpha_{m}0)+\sum_{m_{1}+m_{2}=m}t_{m_{1},m_{2},m}\alpha_{m_{1}}\alpha_{m_{2}}$ (2.8)
2 $S_{m_{1},m_{2},m}$ . $m_{1},$ $m_{2}\in \mathrm{Z}$
$\lambda_{m_{1}}+\lambda_{m_{2}}-\lambda_{m_{1}+m_{2}}\neq 0$ ( non-resonance )
$S_{m_{1,}m_{2,}m}=- \frac{pk_{0}^{2}m_{1}m_{2}}{\lambda_{m_{1}}+\lambda_{m_{2}}-\lambda_{m}}$ (2.9)
2 . 2
non-resonanoe $m=m_{1}+m_{2}\in S$ . , $m\in S$
$\lambda_{m}=0$ $m=m_{1}+m_{2}\in S$ $\lambda_{m_{1}}+\lambda_{m_{2}}=\lambda_{m_{1}+m_{2}}$ 2
.
i) $m_{1}\not\in S$ $m_{2}\not\in S$
$\mathrm{i}\mathrm{i})m_{1}\in S$ $m2\in S$
i) raeonanoe 2 (4 ) . \"u)
2 resonance .
, $S=\{n, -n\}$ $m_{1},$ $m_{2},$ $m_{1}+m2\in S$ . non-
r6 Uce . ( $S=S_{11}=\{n, n+1, -n, -(n+1)\}$
, 1-2 resonanoe . 2
resonance .) , 3 2.1 .
, $\nu$ I. 2 3
( ) Pitchfork .
$\mathrm{K}\mathrm{u}\mathrm{r}\mathrm{a}\mathrm{m}\mathrm{o}\mathrm{t}\infty \mathrm{S}\mathrm{i}\mathrm{v}\mathrm{a}\mathrm{s}\mathrm{h}\mathrm{i}\mathrm{n}\mathrm{s}\mathrm{k}\mathrm{y}$ .
$S=S_{11}=\{n, n+1, -n, -(n+1)\}$ non-resonance . $n=1$
$S=1,2,$ $-1,$ $-2$ $(m_{1}, m_{2})=(1,1),$ $(2, -1),$ (-1,2) resonance .
$n=1$ 2 . ,
$\{$
$\dot{A}=\sigma_{1}\overline{A}B+A$( $\lambda_{1}+a|$A$|^{2}+b.|$B$|^{2}$) $+O(\delta^{4})$
$\dot{B}=$ ’$2$A$2+B$($\lambda_{2}+c|$A$|^{2}+d|$B$|^{2}$ ) $+O(\delta^{4})$ (2.10)
. , $\sigma_{1},$ $\sigma_{2},$ $a,$ $b,$ $c,$ $d\in \mathrm{R}$ $q$ . 2
,$r$ ,
77
. [1] . $n>1$
resonance . $m_{1},$ $m_{2},$ $m_{3}\in S_{\mathrm{I}\mathrm{I}}$ $m_{1}+m_{2}+m_{3}=n$
$n\geq 1$
$n=n+n+(-n)$ , $n=n+(n+1)+(-(n+1))$
2 , 2.2 2.3 .
( 2.2, 2.3) ,
( ) 2 .
Swift-Hohenberg $p=0,$ $q$ =1
$\{$
$\dot{\alpha}_{\mathrm{n}}=\alpha_{\mathrm{n}}$( $\lambda_{\mathrm{n}}-3|\alpha_{\mathrm{n}}|^{2}-$ 6|\mbox{\boldmath $\alpha$}n l|2)+O(\mbox{\boldmath $\delta$}4), (2.11)
$\alpha_{n+1}.=\alpha_{n+1}(\lambda_{n+1}-6|\alpha_{n}|^{2}-3|\alpha_{n+1}|^{2})+O(\delta^{4})$
. $r=\alpha_{n}$ $s=\alpha_{n+1}$ . (2.11)
$r_{\ovalbox{\tt\small REJECT}}s$ ,
$\{$
$\dot{r}$ =r(\lambda 4 1-3r2-6s2)+O(\mbox{\boldmath $\delta$}4),
$\dot{s}=s(\lambda_{n+1}^{SH}-6r^{2}-3s^{2})+O(\delta^{4})$ .
2 $(\nu^{n,m}, k_{0}^{n,m})$ .
2:(SH) $n,m$ ($\nu$, b)-
( $p=\lambda_{n-}$, $q=\lambda_{n+1}$ , ,
9 : $(0,0)$ , (\pm r0,0), $(0, \pm s\mathrm{o})$ , (\pm r1, $\pm s_{1}$ ) , $(\pm r_{1}, \pm s_{1})$
. $0<\underline{\lambda}_{\mathrm{n},2}<\lambda_{n+1}<2\lambda_{n}$ ,
. (SH) :
$u(x)=\pm 2r1\cos nk_{0}x\pm 2s_{1}$ \infty s(n+y x+O(\mbox{\boldmath $\delta$}4)(2.12)
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. ,
$u(x)=2r_{1}\mathrm{c}$os n $(x+\theta)\pm 2s_{1}$ \mbox{\boldmath $\omega$}s($n+\mathfrak{y}$ ($x+$ $O(\delta^{4})$ , $0\leq\theta<L$ (2.13)
. , (2.11) .
( ) (2.11)
$T=$ {( $\alpha_{n},\alpha n+$ l): $|\alpha_{n}|=r_{1},$ $|\alpha_{n+1}|=s_{1}$ }
. $T$
($r_{1}e^{i\phi},$ $s_{1}$e$\dot{l}\psi$ ) $\in T\mapsto(\phi,\psi)\in \mathrm{R}^{2}/(2\pi \mathrm{Z})^{2}$
. (2.13) $T$ 1 2 :
{( $\phi,\psi)\in \mathrm{R}^{2}/(2\pi \mathrm{Z})^{2}$ : $(n+1)\phi=n\psi,$ or $(n+1)\phi=n(\psi+\pi)$ } (2.14)
. $T$
3 , .
$(\mathrm{m}\mathrm{S}\mathrm{H})$ $q,$ $n$ . KuramotO-Sivashinsky : $p=$
$1,$ $q=0$ . 2.5 $n$ $a,$ $c,d<0$ , $n=2,3$ , $4$
$b>0$ $n\geq 5$ $b<0$ . $n\leq 5$ ad-bc $>0$ $n>5$
axi-bc $<0$ . $n$ ( 3). (KS)
$n\leq 5$ . $\mathrm{C}^{\mathrm{I}\mathrm{I}}$
. Kuramot\sim Si shinsky
$\nu$ $L$ .
3 4, 6, 8, $\cdots$
resonance .
2.2 (Bn)




2.4 $n\geq 1$ . \mbox{\boldmath $\nu$}>\mbox{\boldmath $\nu$}n( ) $\kappa=\nu$ -\mbox{\boldmath $\nu$}n( ) (Bn) :
$u(t, x)=u(x+d)$ $u$ ($t,x+$ -Ln)=u( $x$) .
$u$ $\theta\in[0,2\pi)$
$u$ (0, x)=O(!)e\neq 29 $+c.c$. $+O(\kappa)$
, $c=n^{2}k_{0}^{2}+O$ (\kappa ) .












3: $n,n+1$ (KS) $(\nu, k_{0})-$
6 2 , ,
. $p=\lambda_{n}$ . $q=\lambda_{n+1}$ , (a) $n\leq 4,$ (b) $n=5,$ (c) $n\geq 6$ 3
. (Bn) (a) $n\geq 5,$ (b) $n=4,$ (c) $n\leq 3$ .
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$a,$ $b,$ $c,$ $d$ .
2.6
$a$ $=$ $a_{n}$ $:=k_{0}^{2}( \frac{n^{2}}{\lambda_{2n}+\lambda_{-n}-\lambda_{n}})\cdot$,
$b$ $=$ $b_{n}$ $:=k_{0}^{2}( \frac{-n}{\lambda_{-1}+\lambda_{n+1}-\lambda_{n}}+\frac{n(2n+1)}{\lambda_{2\mathrm{n}+1}+\lambda_{-(n+1)}-\lambda_{n}})$ ,
$c$ $=$ $c_{\mathrm{n}}$ $:=k_{0}^{2}( \frac{n+1}{\lambda_{1}+\lambda_{n}-\lambda_{n+1}}+\frac{(n+1)(2n+1)}{\lambda_{2n+1}+\lambda_{-n}-\lambda_{n+1}})$ ,
$d$ $=$ $d_{n}$ $:=k_{0}^{2}( \frac{(n+1)^{2}}{\lambda_{2(n+1)}+\lambda_{-(n+1)}-\lambda_{n+1}})$
$\epsilon$
n $=$ $- \frac{\epsilon}{12}\frac{(n-1)(3n+1)}{n^{2}}+O(\epsilon^{2})$ ,
${\rm Re} b_{n}$ $=$ $- \frac{\epsilon}{9(n+1)}\mathrm{t}\frac{(3n+1)(3n+2)}{2n+1}-$ (n-1)(n $+2$) $)\}+O(\epsilon^{2})$ ,
${\rm Re}$ $=$ $- \frac{\epsilon}{9n}\{\frac{(3n+1)(3n+2)}{2n+1}+(n-1)(n+2))\}+O(\epsilon^{2})$ ,
$\mathrm{R}\epsilon d_{m}$ $=$ $- \frac{\epsilon}{12}\frac{(n+2)(3n+2)}{(n+1)^{2}}+O(\epsilon^{2})$ .
. 1
$n\geq 2$ $\epsilon>0$ .




1-2 resonanoe , 2.5 $n=1$ $\mathrm{R}\epsilon a$
$n\geq 2$ .
$\{$
$\dot{r}=r$ (${\rm Re}\lambda_{n}+{\rm Re}$ a $r^{2}+{\rm Re} bs^{2}$ )
$\dot{s}=s$(${\rm Re}\lambda_{n+1}+$ R$\mathrm{e}cr^{2}+{\rm Re} ds^{2}$)
$\{$
$\dot{\phi}={\rm Im}\lambda_{n}+{\rm Im}$ a $r^{2}+{\rm Im} bs^{2}$ )
$\dot{\psi}={\rm Im}\lambda_{n+1}+{\rm Im} cr^{2}+{\rm Im} ds^{2})$
. $n$ ( 3) $\ulcorner$ (Bn)
$n\geq 4$ ( ) .












Benney 2 2 . $\Delta=\partial_{x}^{2}+\partial_{y}^{2}$ ,
$u_{\ell}=\epsilon\{\nu- (1+\Delta)2\}u-\Delta$u$x-uux$ (3.1)
$u_{t}=\epsilon\{\nu- (1+\Delta)2\}$u-u,$xx-uux$ (3.2)
, . $u=e^{\lambda t+:(kx+ly)}$
:
$\lambda=\lambda_{1}(\nu, k, l)=\epsilon${ $\nu-$ (1-k2-l
$2$ ) $2$ } $+ik(k^{2}+l^{2})$
$\lambda=\lambda$2 $(\nu, k, l)=\epsilon${ $\nu-$ (1-k2-l
$2$ ) $2$ } $+ik^{3}$
(3.1) (3.2) $[0, L_{1}]$ $\mathrm{x}$ $[0, L_{2}]$ .
( $k$ ,l)=(m , $nl_{0}$), $k_{0}=2\pi/L_{1},$ $l_{0}=2\pi/L_{2},$ (m, $n$) $\in \mathrm{Z}^{2}$ .




. $\nu(k_{0}, l_{0})$ $m,$ $n$
$C_{m,n}=\{(k_{0},l_{0})|m^{2}k_{0}^{2}+n^{2}l_{0}^{2}=1\}$
$\nu=0$ . $C_{m,n}$ ,
$C_{2,0},$ $C_{1,1}$ ( , $l_{0}$ ) $=(1/2, \sqrt{3}/2)$ .
.
:
$u(t, x)= \sum_{\mathrm{m}=(m,n)\in \mathrm{Z}^{2}}\alpha_{\mathrm{n}}(t)e^{i(mk_{0},\mathrm{n}l_{0})\cdot(x,y)}$
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3.1 resonance
($\nu$ , , $l_{0}$ ) $\approx(0,1/2, \sqrt{3}/2)$ $S=\{(\pm 2,0), (\pm 1, \pm \mathfrak{y}, (\pm 1, \mp \mathrm{D}\}$ ( ) 6
, (3.1) , resonance . $(\mathrm{m}_{1}, \mathrm{m}_{2})=$






. , $A_{1}\in \mathrm{R},$ $A_{2}$ $=A_{3}=0$ (3.3) ,
$\partial_{t}$A$1=$ $A_{1}-3A_{1}^{3}+O(|A_{1}|^{4})$
















. , $A1=\alpha(2,0)’ A2=\alpha(-1,-1),$ $A3=\alpha(-1,1)$ . (3.4)
$A_{\dot{l}}=r:e^{\dot{l}\emptyset\iota}$ ,
$\{$
$\dot{r}1$ $=$ $r1$ ($\mu-\Re ar_{1}2-\Re$b $r_{2}2-\Re$b $r_{3^{2}}$)
i2 $=$ $r_{2}$ ($\mu-\Re br_{1}2-\Re ar_{2}2-\Re$b $r_{3^{2}}$)




$\mathrm{o}(\mathrm{O})$ : (0, 0, 0)
$\bullet$ (R) : $(r0\dagger,,0),$ $(0,r\dagger,0),$ $(0,0,r\dagger)$
$\bullet$ (PQ) : $(r^{\mathrm{t}},r^{\mathrm{f}},0),$ $(0,r^{\mathrm{f}},r^{\mathrm{f}}),$ $(r^{*},0,r^{\mathrm{f}})$
$\mathrm{o}(\mathrm{H})$ : $(r^{*},r^{*},r^{*})$
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. (O) : , (R) : , (PQ) : , (H) :
. (3.5) (0) :3, (R):0, (PQ):
1, (H):2 . (H) $b-a>0,$ $b-a>0,$ $-a-2b<0$
( ) ( )




. $C_{n+1,0},$ $C$n,1 $n\geq 1$ $( \nu, k0, l_{0})\approx(\mathrm{Q}, \frac{1}{n+1},n\infty 1++1)$
$S=\{(\pm 2,0), (\pm 1, \pm 1), (\pm 1, \mp 1)\}$ .
4: $C_{n+},$ $C$n,1 $n=1,$ $\cdots,$ $7$ .
( 4) $n$ , ,
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